We describe the problem of finding a harmonic map between noncompact manifold. Given some sufficient conditions on the domain, the target and the initial map, we prove the existence of a harmonic map that deforms the given map.
Introduction
For a long time researchers have been trying to prove the existence of harmonic maps. In this paper the problem of how to deform an initial map into a harmonic map will be discussed in the case when both the domain and the target are noncompact. The first result in this direction has been obtained by Li and Tam in [14] . In the aforementioned paper the method applied is the heat flow method first introduced by Eells and Sampson in [8] . In the proof of the main theorems in this paper we make use of the compact exhaustion method. In particular, the proofs are simpler and the results are more general than the ones in [14] .
Background
Let M and N be two Riemannian manifolds of dimension m and n respectively. Their metrics in local coordinates are written as h αβ dx α dx β respectively. Let (g k j ) = (g k j ) −1 be the inverse metric tensor and Γ l k j the Christoffel symbols for M, where the Latin indices k, j, l take values from 1 to m. The determinant of the matrix (g k j ) shall be denoted by g . We use the corresponding notation for the manifold N but using Greek indices (from 1 to n) in this case.
Consider a C 1 map u : M → N. The energy density of the map u is defined in local coordinates by Since E(u) is a real number (or infinity) for every u in C ∞ (M, N) , it follows that the energy E can be regarded as a functional.
If u : M → N is a smooth map, the tension field is a section of the pulled back bundle u −1 T N which is given intrinsically by τ(u) = Tr(∇du) .
In local coordinates,
where ∆ M is the Laplace Beltrami operator of (M, g) .
Definition 2.1. A map is called harmonic if its tension field vanishes identically.
The harmonic maps are the critical points of the energy functional with respect to compactly supported variations (see [13] for more details).
In what follows, we discuss the problem of how to deform a given map into a harmonic map when both the domain and the target are noncompact. The issue of extending a given boundary map to a map with the required properties, will be discussed in a forthcoming paper.
In the next section there are results that involve some integral estimates on the norm of the tension field of the given map. The norm symbol τ(Φ) (x) denotes the pointwise norm given by the inner product h(Φ(x))(τ(Φ)(x), τ(Φ)(x)) .
We apply the method of compact exhaustion, as in the work of Schoen and Yau in [16] . Let B R (x) be the geodesic ball in M with center x and radius R > 0 . The following local gradient estimate for harmonic maps was proved by Cheng in [4] , and it is applied in the proofs of this paper. 
The Heat Flow Method
Partial differential equations for maps between manifolds are of considerable interest. An important example is the harmonic map equation introduced for manifolds by Eells and Sampson in [8] . In this section we give a presentation of the heat flow method.
Given a map Φ consider a one-parameter family u t : M → N deforming Φ. The aim is to construct u t , in such a way that it converges to a harmonic map u ∞ as t → +∞ . 
for some positive (possibly infinite) T , is called the heat flow and Φ the initial map. The variables x and t are usually referred to as the space and time variables respectively.
Note that when ∂ M = / 0 the last equation above holds trivially. Eells and Sampson, and later Hamilton, established that given a C 2+α map Φ : M → N , then there exists a T > 0 depending on Φ , and the geometry of the domain and target, such that the heat flow exists on M × [0, T ) (see for example [12] or [8] ).
The kinetic energy density of a map u :
as the kinetic energy of u. As in the case of the energy, the kinetic energy can be regarded as a functional. From now on u will denote the heat flow and Φ the initial map. On the assumption that a heat flow exists for all positive time, the kinetic energy density satisfies the following equation
The energy density of u satisfies the following equation
where Ric M , R N and ∆ are the Ricci tensor of M, the curvature tensor of N and the Laplacian operator of M respectively. The vectors e k , k = 1, 2, . . . , m represent an orthonormal frame on M , as usual. These are known as the Weitzenböck formulas for e(u) and κ(u) respectively, a proof of which can be found in [15] .
Observe that all the above formulas hold, with the time derivative terms omitted, when u is a harmonic map. This is a consequence of the fact that a harmonic map is a time independent heat flow.
Let 
, where π M (y) = x . Then, according to the above, ρ is a well defined function.
If N is simply connected, then the lifting of the heat flow is no more necessary and in such a case
From now on we assume that N has non-positive sectional curvature. This implies that d N is smooth on N × N except on the diagonal. Let x in M and e j be an orthonormal frame near x, where j = 1, 2, . . . , m. Fix t and take orthonormal frames f α and f α near u(y,t) and Φ(y) respectively, where
Taking into account that N has non-positive sectional curvature it follows by the work of Schoen and Yau in [17] that Hessian terms r X j X j are non-negative. Thus,
holds on M , except at the points where ρ(Φ(x), u(x,t)) = 0 . In fact, formula (3.6) holds on M in the distributional sense, as shown in [5] by Ding and Wang.
Extending the Result of Donnelly
The main result in the theory of harmonic maps is the existence theorem of Eells and Sampson [8] , with the extensions of Hamilton [12] , and is as follows.
Theorem 4.1 (Eells, Sampson and Hamilton). Consider M and N to be compact Riemannian manifolds with (possibly empty) boundaries. In addition take N to have non-positive sectional curvature. Then, every smooth map from M to N is homotopic to a harmonic map.
One would like to find harmonic maps without having to assume that the domain and target are compact. Avilés, Choi and Micallef in [2] succeeded in doing this, by considering maps of bounded image. They regard the harmonic map problem, as a perturbation of the corresponding problem of real valued continuous functions, which has been solved by Anderson and Schoen in [1] . A variant of their proof, which is similar to the proofs in the present paper, has been given by Donnelly in [6] . He considers the case of C 2 maps Φ : M → N of bounded image, where M is a complete Riemannian manifold, which admits a Green's function G(x, y) and N is a complete simply connected manifold with non-positive curvature. A similar result has been proved by Bando in [3] . 
is uniformly bounded.
Proof. Take M j , j ∈ N , to be a compact exhaustion of M by smooth domains. Define Φ j as the map Φ restricted to M j . Fix j and take into account the result of Hamilton [12] and that N has negative sectional curvature. It follows that there is a harmonic map u j : M j → N that is continuous up to the boundary such that
By the work of Schoen and Yau in [17] , it follows that
where w is the function given by w(x) = M G(x, y) τ(Φ) (y)dy which by assumption is uniformly bounded. Then, the function v j (x) = d j (x) − w(x) , x ∈ M j , satisfies ∆v j (x) ≥ 0 for every x ∈ M j and v j (x 0 ) ≤ 0 for every x 0 ∈ ∂ M j . Hence, applying the maximum principle, it follows that v j ≤ 0 and thus d j ≤ w everywhere in M j . This result, together with the assumption on w imply that d j ≤ C , where C is a positive constant independent of j . By the triangular inequality, it follows that
Using the estimates of Cheng in [4] we find that the energy density e(u j )(x) is bounded (with a bound depending on j ) for all x such that B 2 (x) ⊂ M j . Note that by definition, u j maps M j to Φ(M j ) and that d j (u j (x), u j (y)) ≤ 2 sup w∈M j e(u j )(w)d(x, y) . By the uniform bounds on the gradient of u j on each compact set K ⊂ M and taking into account the standard results for linear elliptic equations in [9] it follows that there are uniform bounds for the higher derivatives of u j on compact sets K . Applying the Arzela-Ascoli theorem, we find a subsequence j k , such that u j k converges uniformly on compact sets to a harmonic map u that is at a bounded distance from Φ (see p.4 in [6] ) . This completes the proof.
Donnelly in [6] proved that the integral w(x) = H m G(x, y) τ(Φ) (y)dy is uniformly bounded for every C 2 map Φ : H m → H n with bounded image, and thus he recovers the next result of Avilés, Choi and Micallef. Recall that if N is not simply connected, then the equation 0 ≤ ∆ρ + τ(Φ) holds in the distributional sense (see [5] for a proof) and ρ is smooth everywhere except on the diagonal. We use this last formula and the maximum principle (that is the first and second derivative tests from calculus, see [12] for more details) to extend the result of Theorem 4.2 . The maximum principle can only be used everywhere except the diagonal where ρ is not smooth, but in the diagonal ρ is 0 (thus bounded). The next more general theorem holds. Proof. Take M j , j ∈ N , to be a compact exhaustion of M . Define Φ j as the map Φ restricted to M j . Fix j and solve the relevant Dirichlet problem in M j and let u j be the harmonic map homotopic to Φ j . Use equation 0 ≤ ∆ρ + τ(Φ) and the same approach as in the proof of Theorem 4.2 , in order to prove that ρ j is uniformly bounded, where ρ j = ρ(u j , Φ j ) is the distance function as in [17] . Since d(u j , Φ j ) ≤ ρ j (u j , Φ j ) , it follows that the distance of u j from Φ j is also uniformly bounded. Observe that e(u)(x) = e( u)(y) , where u : M → N is a lift of u . The estimate of Cheng then implies that the energy density e(u j )(x) is bounded (with a bound depending on j ) for all x such that B 2 (x) ⊂ M j . Taking into account the standard results for linear elliptic equations in [9] it follows that there are uniform bounds for the higher derivatives of u j on each compact set K ⊂ M . Applying the Arzela-Ascoli theorem, we find a subsequence j k , such that u j k converges uniformly on compact sets to a harmonic map u that is at a bounded distance from Φ (see p.4 in [6] for a similar argument) . This completes the proof of the theorem.
Extending Results of Li and Tam
In [14] Li and Tam published some general results on the harmonic map problem when both the domain and the target manifolds are noncompact. Their work is motivated by the work of Eells and Sampson in [8] and of Hamilton in [12] . They use the heat flow equation, in order to deform a given initial map (defined between noncompact manifolds in this case) into a harmonic map. shows that M H(x, y,t) τ(Φ) (y)dv decays exponentially to zero, as time progresses to infinity, provided that τ(Φ) is in L p (M) for some p ∈ (1, +∞) . An application to the case of hyperbolic spaces thus provides the following theorem that is not covered by the results of Li and Tam in [14] . Remark: If in addition the energy density of Φ is uniformly bounded then the energy density of u is uniformly bounded. This is easy to find applying Proposition 2.2 .
